The free energy is shown to decrease along Wilson renormalization group trajectories, in a dimension-independent fashion, for d > 2. The argument assumes the monotonicity of the cutoff function, and positivity of a spectral representation of the two point function. The argument is valid to all orders in perturbation theory. †
The nature of the flow induced by the renormalization group (rg) on the space of couplings in a field theory has been of interest for some time [1, 2, 3 ]. Zamolodchikov's c-theorem [4] rekindled interest in demonstrating the dissipative character of the renormalization group. He demonstrated that there is a function on the space of renormalizable couplings of a two-dimensional field theory with the following properties:
(i) dc = 0 at fixed points,
(ii) the value of c at these fixed points is given by the conformal anomaly, and (iii) c decreases along rg trajectories, i.e., dc(β) < 0, where β is the vector field associated with β-functions via β ≡ β i ∂ i .
Zamolodchikov's argument used the conventional field theory rg [5] , with β satisfying the Callan-Symanzik equations-the couplings that he needed to consider were only those associated with marginal and relevant operators. The c function he found has universal properties, and may therefore be of physical interest even setting aside the question of the dissipative character of the field theory rg.
There is another approach to renormalization due to Wilson[6] , where one studies the flows of all couplings in a cut-off theory. This set of flows is not universal. The cut-off is present at all stages since one has irrelevant operators of arbitrarily high dimension in the action. Nevertheless, as can be demonstrated explicitly, the information contained in the field theory rg can be extracted from the Wilson rg [7] . I shall demonstrate within the Wilson rg that the free energy decreases along Wilson rg trajectories, independent of the dimension of spacetime, for d > 2. Thus the Wilson rg is dissipative, for the class of theories that I am able to consider. The argument is completely different in character from Zamolodchikov's. It is unlikely that the free energy will satisfy either (i) or (ii). The decrease of the free energy also does not imply gradient flow, i.e., I do not claim that the Wilson rg beta 'functions' are gradients. I emphasize that the entire framework of the argument is restricted to all orders in perturbation theory. No statements beyond perturbation theory are suggested or implied in any way. [9] suggested that the trace anomaly on a sphere was the analogue of the central charge in two dimensions, but the subtractions necessary to define integrals of two-point functions in continuum field theory render it difficult to show (iii).
I give now a general argument for the decrease of the free energy for Wilson rg flows. I will work with Euclidean field theories. The argument is valid for all theories which can be regulated by including a cut-off dependence explicitly in the action. This is not, perhaps, as large a class as one wants, since it amounts to theories that (up to cut-off dependent rescalings of fields) can be regulated by modifying the kinetic term appropriately. It applies to all scalar field theories, and may be extended to theories with fermions for which one can show the validity of the assumption on the spectral measure, see below.
The argument requires the derivation of a new spectral representation-this spectral representation makes no reference to cutoffs or to the renormalization group, and hence may be of independent interest. The derivation is a slight modification of a derivation given in Ref. 10 . Lorentz invariance implies that the identity operator can be decomposed as
withp the momentum operator and p α = (p 0 , p) its Minkowski eigenvalue. The subscript M on the integral implies integration over Minkowski momenta. For any monotonically increasing positive function, f , this can be rewritten as
Inserting it into a two-point function (with
The matrix element is independent of x, and is just a function of p 2 . The integral over p can be done, giving
Finally, since x d < 0 by assumption, the integral over p 0 with a δ function can be rewritten
Add the term with x d > 0 to get the propagator in Euclidean space. Thus, putting terms together, one finds the spectral representation
Note that nowhere in this derivation is any use made of the cutoff nature of the theory.
Based on this fact, I assume that ρ is positive, since this is a two-point function with the insertion of a positive operator delta function, and the two-point function should be positive even in the cutoff theory. I assume that K(x) goes to zero faster than any negative power of x for x large. Suppose that
is well-defined for any ǫ < ∞. The idea behind what follows is simple: decreasing ǫ is equivalent to gradually integrating out modes with large momenta. The change in the free energy due to this explicit change in the cutoff is therefore of definite sign, due to the monotonicity of K. This is true even taking into account the normalization of the functional measure, assuming the positivity of the spectral representation of the two point function. On the other hand, by the definition of the Wilson rg, the free energy is left invariant under changes in ǫ, provided the couplings in S int ≡ g A (ǫ) Φ A are appropriately adjusted, so the change in the free energy upon just changing the couplings must be of the opposite sign as the change due to the explicit presence of the cutoff. {Φ A } is a complete set of scalar operators, including the identity. Define F ≡ − ln Z ǫ [0]/Vol., the free energy density. All expressions with 1/Vol. factors should be understood as implying an infinite volume limit. We have
This amounts to
I now wish to argue that the second term is positive on general grounds.
By picking f (x) = K(x/ǫ 2 ) −1 , the spectral representation becomes
An implicit assumption here is the existence of 'vacuum' boundary conditions for the functional integration-due to the higher derivative form of the cutoff theory, a Hamiltonian definition is problematic.
From the spectral representation, we note lim
In cutoff perturbation theory, with the assumed form of K, we therefore have
This is valid to all orders in perturbation theory. This normalization of the spectral measure in the cutoff theory, and the positivity of the spectral measure, are the crucial assumptions in the present discussion. The normalization assumption is not true for interacting renormalized field theories, hence the present argument does not admit any naïve generalization to the field theoretic rg.
It now follows that
for m 2 ≥ 0, and K is monotone. This quantity is certainly finite to all orders in perturbation theory, since we have normalized the measure appropriately. This finally implies
This is precisely what we wished to show, since we have shown that F decreases along Wilson rg trajectories, defined by the vector field β W , at every fixed ǫ.
Some caveats: (1) If the Wilson rg flow leads to theories where the positivity assumption no longer holds, this argument breaks down. Such theories would not appear to make sense as Euclidean field theories. (2) This argument does not extend in any straightforward way to gauge theories, because the only gauge-invariant 'physical' regulator known is the lattice, where the separation of kinetic and interaction terms in the action is unnatural. 
